Radicals and Morita contexts  by Sands, A.D
JOURNALOFALCEBRA 24,335-345(1973) 
Radicals and Morita Contexts 
A. D. SANDS 
Department of Mathematics, The University of Dundee, Dundee DDI 4HN 
Communicated by I. N. Herstein 
Received October 18, I971 
1. INTR~DucTI~~v 
Amitsur [3] considered relationships between certain radicals of rings 
occurring in Morita contexts. The purpose of this paper is firstly to obtain 
these results for a general class of radicals which includes the radicals con- 
sidered by Amitsur. Then a more precise relationship is obtained in the case 
where the rings in the Morita context are paired. We then show that every 
radical for which these results holds belongs to this class of radicals. Examples 
of Morita contexts and radicals are given to show that these results contain 
many previous results as special cases. 
We refer to Amitsur [3] for the definition of a Morita context (R, V, IV, S), 
where R, S are rings, Y is an R-S bimodule and W an S-R bimodule. We 
shall use his notations, except that the products V x W to R and W x V 
to S will be denoted by VW and WV, VU E Y and VW E IV, since all relevant 
associative laws hold. It is not assumed that the rings have identities nor that 
the modules are unitary, but where necessary the usual imbedding of a ring R 
in a ring with identity (I, R) will be used, modules over R being defined as 
unitary modules over (1, R) in the obvious way. 
The properties of prime ideals used are to be found in McCoy [8]. We shall 
use the definitions and fundamental properties of radicals from Divinsky 
[5]. As will be shown the theorems of Amitsur /3] do not hold for arbitrary 
radicals and we introduce additional conditions and consider radicals satis- 
fying these conditions, as follows. 
DEFINITION. A radical will be called an N-radical if the following three 
conditions hold: 
Nl. 
N2. 
N3. 
ring. 
Each ring R with R2 = 0 is an N-radical ring; 
A left ideal in a radical ring is itself an N-radical ring; 
A non-zero left ideal in a semi-simple ring is not an N-radical 
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We shall denote such a radical of a ring R by N(R). An ideal A of R will be 
called a qN-ideal if N(R/A) = 0. A s is well known, condition Nl is equivalent 
to the assumption that the radical of a ring is a semi-prime ideal. Conditions 
N2 and N3 are to be found (for right ideals) in Amitsur [l]. Condition N3 
is equivalent to the assumption that each left ideal which is radical is contained 
in the radical of the whole ring. For if L is a left ideal of R and L is a radical 
ring then (L + N(R))/N(R) c L/(L n N(R)) is radical, as it is a homo- 
morphic image of L, and is contained in the semisimple ring R/N(R). By N3 
it is zero and so L C N(R). The reverse implication is clear. 
The following properties of any radical Z will be used. An extension of a 
radical ring by a radical ring is a radical ring. An intersection of &-ideals is a 
@-ideal. I f  A is an ideal of R and A r) K(R) then K(A) = K(R). These 
follow easily from the definitions and from the result [5, Theorem 471 that 
K(A) is an ideal of R. 
I f  (R, V, W, S) is a Morita context then the set (“, 1) of all 2 x 2 matrices 
(L :), Y E R, v  E I/, w E W, s E S forms a ring under the usual definitions of 
matrix addition and multiplication. If  A, B, C, D are subsets of R, V, W, S 
respectively we shall denote by (“, E) the subset of (“, ,“) consisting of all 
matrices (f i) with a E A, b E B, c E C, d E D. I f  R, S are rings with identity 
and I’, Ware unitary modules then, if X is an ideal of ($ ,“) and (z 3 E X, 
it is an easy exercise to show that (5 i), (i i), (z i), (i “,) are in X. Thus 
X = (g %) for suitable ideals A, D of R, S and bisubmodules B, C of V, W. 
2. N-RADICALS AND MORITA CONTEXTS 
THEOREM 1. If (R, V, W, S) is a Morita context and M2 = (“, ,‘) then for 
any N-radical 
where A = N(R), B = (w E V 1 WV C N(S)), C = {w E W 1 VW C N(R)), 
D = N(S). 
Proof. N(M2) is a semiprime ideal of M, and M2 is an ideal of ((l$) (r 5,). 
By a result of Sands [12] it follows that N(M,) is an ideal of ((l$) &,). 
Thus N(MJ has the form (“, i) where A, D are ideals of R, S and C, D are 
bisubmodules of V, W, respectively. 
L = (“, i) is a left ideal of M2 and K = (s z) is an ideal of L with L/K s A. 
By N2, L is a radical ring and therefore A is radical. Hence A C N(R). 
Similarly D C N(S). M& CL. Therefore V/c C A C N(R). Hence C C C,, = 
(w E W 1 VW C N(R)}. Similarly B C B, = {v E V 1 WV C N(S)}. 
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Conversely L, = (“Lf) z) is a left ideal of Ma and Ki = (& z) is an ideal 
of L, . Further we have Ki2 = 0 and L,/K, G N(R). By Nl, Ki is a radical 
ring. Thus L, is an extension of a radical ring by a radical ring and so is a 
radical ring. By N3 we have L, C N(M,). Therefore N(R) C A and C, C C. 
Similarly N(S) C D and B, C 3. 
It follows that A = N(R), B = B, , C = C, and D = N(S), as required. 
THEOREM 2. If  (R, V, W, S) is a Morita context then, fey each N-radical, 
WN(R)V C N(S), VN(S)W C N(R). 
Proof. This follows easily using A&N(IM,) iVz C N(AJa), and considering 
positions (1, 1) and (2,2) in the matrices. 
THEOREM 3. If (R, V, W, S) is a Morita context and WV = S then, for 
each N-radical, 
N(S) = {s E S / VsW C N(R)}. 
Proof. Let T = {s E S / VsW C N(R)}. Then T is an ideal of S and, by 
Theorem 2, N(S) C T. Also VTW C N(R) and so 
WVTWV C WN(R)V C N(S). 
Thus T3 C STS C N(S). By Nl, N(S). is a semiprime ideal of S. Therefore 
T C N(S) and so N(S) = T, as required. 
Theorems 2, 3 give the connections between the N-radicals of rings R, S 
in a Morita context. Next we consider the relationships between the gN- 
ideals of R and of S, for any N-radical. 
THEOREM 4. Let (R, V, W, S) b e a Morita context then for any qN-ideal 
Pof R 
A(P)={s.Sj VSWCP} 
is a qN-ideal of S. If  WV = S then every qN-ideal of S has this form and ;f 
also VW = R, i.e., if we have a Morita pairing of R and S, then P + h(P) is a 
bijection between the qN-ideals of R and of S, which preserves order and inter- 
section. 
Proof. Clearly X(P) is an ideal of S. Let T = (v E V / VW C P}, U = 
{w E W 1 VW C P>. Then T, U are bisubmodules of V, W and it is easily 
checked that (‘, &.J is an ideal of (“, 1). Equivalently, we see that 
(RIP, VP, WV W(P)) 
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is a Morita context. Since P is a qN-ideal, N(R/P) = 0. By Theorem 2, 
(V/T)(N(S/A(P)))(W/U) = 0. Let N(S/A(P)) = D/h(P), where D is an ideal 
of S. Then VDW C P. Therefore, D C h(P), i.e., N(S/A(P)) -z 0. Thus X(P) 
is a qN-ideal of S. 
Let X be a qN-ideal of S and assume WV = S. Let 
p(X) ={rERl wrvcxx). 
As above p(X) is a qN-ideal of R. Then 
&L(X) = (s E s ( vsw c p(X)> 
={sESl WvswvcxX)={sEs~SsSCXf 
= X, since X is a semi-prime ideal of S. 
It follows that h is a surjection from the qN-ideals of R to the qN-ideals of S. 
If  also VW = R then ,U is a surjection from the qN-ideals of S to the qN- 
ideals of R and hp and ph are identity maps. Thus h is a bijection from the 
qN-ideals of R to the qN-ideals of S. It is easy to verify that X preserves the 
inclusion ordering and that X(fl Pi) = n h(PJ for any family Pi of qN- 
ideals of R. Thus, for a Morita pairing, the semi-lattices of qN-ideals of R 
and of S are isomorphic. 
THEOREM 5. If  L and H are respectively left and right ideals of R then, 
for any N-radical, the qN-ideals of L and of H are given by 
(i) h(P)={lELILlCP}, 
(ii) h(P) = {h E H 1 hH C P>, 
where P varies over the qN-ideals 0j.R. 
Proof. (i) Let V = L, I&’ = (1, R), S = L. Then under the usual 
definitions of multiplication, (R, V, W, S) is a Morita context with Wb’ = S. 
By Theorem 4, the qN-ideals of L are given by 
A(P)=(IEL~LI(~,R)CP) 
=(lEL~LlCP). 
(ii) This is proved similarly using the Morita context (R, V, W, S) 
with V-(l,R), W=H,S=H. 
COROLLARY. If L and H are respectively left and right ideals of R then, 
for any N-radical, 
N(L) = {Z EL j Ll C N(R)], 
N(H) = {h E H 1 hH C N(R)}. 
For ideals the situation is simpler. 
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COROLLARY. If A is an ideal of R then, for any N-radical, the qN-ideals of A 
are given by h(P) = P n A, where P varies over the qN-ideals of R. Every 
N-radical is hereditary. 
Proof. By Theorem 5 the @V-ideals of A are determined by 
X(P) = {a E A / Aa C P}. 
Since A is also a right ideal, aR C A and so Aa C P implies aRa C P and 
thus, as the qN-ideal P is semiprime, we have a E P. Therefore X(P) C A n P. 
The reverse inclusion is clear and so h(P) = A n P. Hence, taking P = 
N(R), we obtain N(A) = A n N(R) and the N-radical is hereditary. 
Remark. In Theorem 4 the ideals P and h(P) are qN-ideals and so are 
semi-prime. In fact if P is a prime qN-ideal so also is h(P). For let A, B be 
ideals of S with AB C h(P). Then VABW C P. Hence 
(VAW)(VBW) C VASBWC VABWC P. 
However, VA W and VB W are ideals of R and P is prime. Therefore 
VAW C P or VBW C P. Thus A C h(P) or B C A(P) and so X(P) is prime. 
If  Q is a prime qN-ideal of S then p(Q) is a prime ideal of R. I f  also WV = 5’ 
then X,(Q) = Q and so every prime qN-ideal of S, in this case, is of the form 
h(P), where P is a prime qN-ideal of R. 
THEOREM 6. Let X be a radical such that for each Morita context 
(R, V, W, S) with WV = S 
K(S) = (s E S / VsW C K(R)). 
Then X is an N-radical. 
Proof. Let A2 C K(R), where A is an ideal of R. Let B == A + K(R). 
Then B 1 K(R), B2 C K(R), and K(B) - K(R). Consider the Morita 
context (R, V, W, S), where V = B, W = (1, R), S - B. Then WV = S. 
Hence K(B) = {b E B 1 VbW C K(R)}. Therefore 
K(R) = {b E B j Bb(1, R) C K(R)}. 
However B2 C K(R) and so Bb(1, R) C K(R) for all b E B. It follows that 
K(R) = B and so that A C K(R). Th us K(R) is a semi-prime ideal and 
condition Nl is satisfied. 
Let L be a left ideal of a radical ring R. As before, consider the Morita 
context (R, L, (1, R), L). Then WV = S and so 
K(L)={IEL~L~(~,R)CR}=L. 
Therefore L is a radical ring and condition N2 is satisfied. 
481/24/z-10 
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Let L be a left ideal of a semisimple ring R and let L be radical. Considering 
the same Morita context, we have 
I, = K(L) = (EEL ILE(1, R) = 0). 
Hence L2 = 0. But 0 = K(R) . IS a semiprime ideal of R. Therefore L = 0 
and condition N3 is satisfied. 
It follows that ~5” is an N-radical. 
We have defined N-radicals in terms of left ideals in conditions N2 and N3. 
Dually we can define N’-radicals to be radicals satisfying Nl and the dual 
conditions N’2 and N’3 for right ideals. We then obtain theorems dual to 
Theorems 1-6. However Theorem 6 can be used to show that these two classes 
of radicals actually coincide. 
THEOREM 7. A radical Z is an NJ-radical f and only ;f it is an N-radical. 
Proof. Let x be an N’-radical. Then by the dual of Theorem 2, if 
(Ii, V, IV, S) is a Morita context with WV = S, 
K(S) = {s E s / vswc K(R)}. 
Hence, by Theorem 6, Cx is an N-radical. 
The converse result follows from Theorem 2 and the dual to Theorem 6. 
Remark. The duals of Theorems 2-6 are similar to the original Theorems. 
The dual of Theorem 1 together with Theorem 7 does give the following 
extra piece of information. 
THEOREM 8. If N is an N-radical (R, V, W, S) is a Morita context and 
M2 = ($ L) then 
where 
A = N(R), D = N(S), 
B ={VE Vj WvCN(S)} ={VE VIvWCN(R)}, 
C=(ZUEW/ VZUCN(R)}={ZUEW/~VCN(S)}. 
3. EXAMPLES OF MORITA CONTEXTS 
Let V be a category which is additive in the sense of Mitchell [9]. Let 
X, Y be objects of the dual of %? and let R = [X, X], V = [X, I’], W = 
RADICALS AND MORITA CONTEXTS 341 
[Y, X], S = [Y, Y], in the dual category. Then (R, V, W, S) is a Morita 
context. The theorems in Section 2 then give certain connections between the 
N-radicals of R and of S. Theorem 1 determines the N-radical of Ma . Any 
finite collection of objects of %? could be chosen and a ring Mn of matrices of 
order n x n obtained. Theorem 1 generalises straightforwardly to cover this 
case. 
A special case of this example is obtained by taking X, Y to be modules 
over a ring, letting R, S be their endomorphism rings and letting V, W be 
Horn (X, Y), Hom(Y, X) respectively. Then (g ,“) is the endomorphism 
ring of the direct sum X @ Y. 
Further specializing this case, we can take X = R and, assuming that R 
has an identity and that modules are unitary, then V = Y, W == V*, S r--1 E, 
where V* is the dual module of V and E is the endomorphism ring of V. 
A special case of this arises if V is a free module, isomorphic to a direct sum 
of copies of R and so to (row) vectors with entries from R, each vector 
restricted to have only a finite number of nonzero entries. Then V* is the 
direct product of copies of R and so is isomorphic to unrestricted (column) 
vectors with entries from R. S is isomorphic to the ring of matrices with 
entries from R and with only a finite number of nonzero entries occurring 
in each row. In this Morita context the mappings V x W + R and 
W >< V + S are the natural multiplications of row and column vectors. 
If  V is a finite direct sum of n copies of R then S is the ring of square matrices 
of order n over R and WV = S. If  V is an infinite direct sum then S is the 
ring of row-finite matrices but WV consists of those matrices which have 
only a finite number each of non-zero columns and so WV is the ring of row- 
bounded matrices over R (see Patterson [lo]). 
I f  R does not have an identity then we can reproduce the above conditions 
directly by taking V to be the set of row vectors, indexed by some set I, with 
only a finite number of nonzero entries in each vector and entries from R; W 
to be the set of column vectors, indexed by I, with entries from (1, R); S, = 
Mp(R) to be the ring of row-finite matrices with entries from R and S, = 
Mp*(R) to be the ring of row-bounded matrices with entries from R. Then 
(R, V, W, S,) and (R, V, W, S,) are Morita contexts and WV = S, . 
I f  I is finite then S, = S, . 
Then if JV is an N-radical, we have the following deductions from the 
theorems in Section 2 for these categories (R, V, W, S,), (R, V, W, S,). 
THEOREM 9. If R is a ring and S, = Mp(R) is the ring of row-$nite 
matrices over R and S, = ilIp” is th e ring of row-bounded matrices over R, 
then, for any N-radical, 
W*(N(R)) C NW C W4WN, NW = J+*(N@)). 
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If P is a qN-ideal of R then Mp(P), Mp*(P) are qN-ideals of S, , S, and this 
determines the family of qN-ideals of S, . 
Proof. Considering the Morita context (R, V, W, S,) by Theorem 2 we 
have VN(S,)W C N(R). Let _a be a matrix of N(S,) and let _a(i, j) be its 
(i, j)-th entry, where i,j E I. Let Y E R, g be a vector whose i-th component is Y 
and whose other components are zero and let _e E W have j-th component 
(1, 0) and other components zero. Then g_a_e? = r~(i, j) E VN(S,)W C N(R). 
Therefore, Rcz(i, j) C N(R), w ic IS a semiprime ideal of R. It follows that h’ h . 
g(i, j) E N(R) and so a E Mp(N(R)). Thus N(S,) C Mp(N(R)). 
Similarly N(S,) C Mp*(N(R)). Since WV ~2 SZ we have, by Theorem 2, 
N(S,) 1 (s E S, j VJW C N(R)}. 
It is easily verified that VMp*(N(R))W C N(R). Therefore 
and so W&J = ~P*UWN. 
Also N(S,) is a radical ideal of S, and so N(S,) = Mp*(N(R)) C N(S,). 
I f  P is a qN-ideal of R then, by Theorem 4, X(P) is a qN-ideal of S, , 
where h(P) = {; E S, / ViW C P}. As above, it is easy to show that V;W C P 
if and only if 8 E Mp(P). Hence ,\(P) = Mp(P) is a qN-ideal of S, . 
Similarly for S, , h(P) = Mp*(P) is a qN-ideal of S, and, since WV = S, , 
this determines the family of all qN-ideals of S, , by Theorem 4. 
There may be extra qN-ideals in S, , but they will not have the form 
Mp(A), A an ideal of R. It is easily seen that if Mp(A) is a qN-ideal, then 
p(Mp(A)) = A and A is also a qN-ideal. 
4. EXAMPLES OF RADICALS 
Condition Nl is satisfied by many of the classical radicals including the 
prime (Baer lower), Levitzki, nil(Baer upper), Jacobson and Brown-McCoy 
radicals. Using properties of local nilpotency and quasi regularity it is easy 
to verify that the Levitzki and Jacobson radicals satisfy N2 and N3. It has 
been shown by Amitsur [2] that the prime radical also satisfies N2 and N3. 
Thus the prime, Levitzki and Jacobson radicals are examples of N-radicals. 
The results of Sections 2 and 3 contain certain previous results. In the 
case of the prime radical the qN-ideals are the semiprime ideals and by a 
remark after Theorem 5 the prime ideals also correspond under the mapping 
X. Thus the results of Sands [ 12, 141 and Posner [I I] on the prime and semi- 
prime ideals of matrix rings are contained in these results. Theorem 5 and the 
remark following classify the semiprime and prime ideals of a left ideal L 
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of a ring R in terms of those of R. Some of the corresponding results for the 
Levitski radical are given by Sands [14]. The correspondence between the 
semiprime ideals A of R such that R/A has zero Levitski radical and the 
ideals of Mp*(R)(M(R, N,)) in th e notation of [14]) with the same properties 
does not seem to have been given explicitly previously. The @r-ideals corre- 
sponding to the Jacobson radical are the semiprimitive ideals and previously 
known theorems for these are recovered. 
However to obtain the results on primitive ideals of Posner [ 111 and Sands 
[13] we need to prove the analog for primitive ideals to the result for prime 
ideals in the remark after Theorem 5. This is done in the following Lemma, 
generalising Theorem 27 of Amitsur [3]. 
LEMMA. If (R, V, W, S) is a MO&a context and P is a primitive ideal of R 
then either h(P) = S or h(P) is a primitive ideal of S, where 
X(P)={,ES~ VSWCP}. 
Proof. Let L be a maximal modular left ideal of R, modular with respect 
toeER,suchthatP={rERIrRCL}.Let 
U={WE WI VWCL). 
Then U is an S-submodule of W. Assume X(P) # S. Then U # W. For 
U = W implies VW C L and so VSWR C VW C L. Thus VSW C P and 
h(P)=S.LetwEW,w$UandletxEW.Sincew$U, VweL. Vwisa 
left ideal of R and L is maximal. Therefore VW + L = R. Hence there exist 
tcV and aEL with tw+a=e. Let ZIEV. Then v(xtw-xx)= 
v(xtw - xe + xe - x) = -vxa + vxe - vx E L, since a EL and re - Y EL 
for any r E R. Therefore xtw - x E U. It follows that U is a maximal 
S-submodule of W. Let Q be the annihilator in S of W/U. Then 
Q ={~ES/SWC U} ={ssSI VsWCL}. 
VsW CL implies VsWR C VsW C L and this implies VsW C P. Conversely, 
VsW C P implies VsW C L, since P CL. It follows that Q = h(P) and so 
that X(P), being the annihilator of the irreducible S-module W/U, is a pri- 
mitive ideal of S. 
As well as generalizing some of the results of Posner [l l] and Sands [13] 
this Lemma, along with Theorem 5, classifies the primitive and semiprimitive 
ideals of a left ideal L of a ring R in terms of the corresponding families of 
ideals of R. 
The nil radical satifies condition N2. It is an open problem whether or not 
the nil radical satisfies condition N3 (Koethe [6], Levitzki [7]). We see from 
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Theorem 6 that this is equivalent to the problem for the nil radical of Morita 
contexts and also from Theorem 7 that the problems for left ideals and right 
ideals are equivalent. However, for the nil radical it is not necessary to consider 
the problem for arbitrary Morita contexts. It is in fact sufficient to consider 
it for rings of finite matrices, as we show directly in the next theorem. 
THEOREM 10. The following are equivalent: 
(1) each nil left ideal is contained in the nil radical for every ring R; 
(2) each nil right ideal is contained in the nil radical for every ring R; 
(3) for some integer n 2 2, if R is a nil ring so also is the ring R, of n x n 
matrices over R. 
Proof. (1) 3 (3). We can deduce this result from the previous general 
theorems on Morita contexts, but a direct proof is straightforward. Let R 
be nil. Let L(k) be the left ideal of matrices of R, all of whose columns are 
zero, except perhaps the k-th. Then R, is a sum of these left ideals L(k), 
1 ,( K < n. If  a EL(R) and (a(k, R))” = 0 then am+l = 0. Thus L(k) is a 
nil left ideal. By (1) L(k) is contained in the nil radical of R, and so R, is a 
nil ring. 
(2) z- (3). Th e roo is similar using rows and right ideals. p f  . 
(3) * (1). I f  m is any positive integer then R, is isomorphic to a 
subring of R,, , for any e with m ,< ne. Repeated application of (3) shows 
that, if R is nil, so also is Ii,, and hence so also is R, . Let L be a nil left ideal 
of some ring R. The ideal generated by L is L + LR and to prove (1) it is 
sufficient to show that L + LR is nil. Let b EL + LR. Then b 1 cb, lir, , 
where ?I may be a dummy identity, if required, and li sLi . Let bi, = rilj . 
Then b = (b,) is a matrix of L, and, by (3), b is nilpotent. Let bk = 0. 
Then bktl = C lil~illiz~iz ... li ri , where the summation is taken over all 
. 
21 , 22 ,..., zk+l , between 1 an$?n.?‘hus bk+l = C li,(C bili2 ... bikik+l) rik+l , 
where the outer summation is taken over iI and i,+l and the inner 
summation over ia ,..., ik . Then the inner sum is the (i1 , ik+r)-th entry 
of bk and so is zero. Thus b h+l = 0 and L + LR is a nil ideal. It follows 
that L + LR, and so L, is contained in the nil radical of R. 
(3) => (2). This is proved similarly. 
It is not sufficient in general to consider only rings of finite matrices. For 
the Brown-McCoy radical has the requisite properties (see [4]) over finite 
matrix rings, but it is not an iv-radical. The ring Mp*(R) has no identity 
where the index set I is infinite. Further no (nonzero) quotient ring Mp*(R)/A 
has an identity. For, using Zorn’s Lemma, A can be embedded in an ideal B 
maximal with respect to not containing some fixed coset representative of the 
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identity element. Then B is a prime maximal ideal of Mp*(R) and so B = 
Mp*(P) for some ideal P in R. Then Mp*(R)/B has an identity and yet 
Mp*(R)/B is isomorphic to Mp*(R/P), which has no identity. Thus, irre- 
spective of the Brown-McCoy radical of R, the ring IlIp* is a Brown- 
McCoy radical ring. So the theorems on Morita contexts do not hold and the 
Brown-McCoy radical cannot be an N-radical. In fact condition N2 is not 
satisfied. Let R be a field and let L(k) be the left ideal of Mp*(R) consisting 
of matrices all of whose columns are zero except perhaps the k-th. I f  AZ(R) 
is the subset of L(k) of matrices whose (k, R)-th entry is also zero then 
AWN = 0 and L(k)/M(k) s R. Thus M(k) is the Brown-McCoy radical of 
L(k) and so L(k) is not a radical ring. 
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